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A DENSITY PROPERTY FOR FRACTIONAL WEIGHTED SOBOLEV SPACES 


SERENA DIPIERRO AND ENRICO VALDINOCI 

Abstract. In this paper we show a density property for fractional weighted Sobolev spaces. That is, we 
prove that any function in a fractional weighted Sobolev space can be approximated by a smooth function 
with compact support. 

The additional difficulty in this nonlocal setting is caused by the fact that the weights are not necessarily 
translation invariant. 
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1. Introduction 

Goal of this paper is to provide an approximation result by smooth and compactly supported functions 
for a fractional Sobolev space with weights that are not necessarily translation invariant. 

The functional framework is the following. Given s G (0,1), p G (1, +cxd) and 


( 1 . 1 ) 

we introduce the semi-norm 
( 1 - 2 ) [ 
We define the space 


a G 


0 , 


n — sp 




i{x) — u{y)\P dx dy 
\x — yl'^+^P \x\°' \y\°') 


R2" 


:= {m : M” —)■ M measurable s.t. < +oo}. 

Also, we define the weighted norm 


(1.3) 


\u\ 


tSRR") ■' 


\x\ P 




where p* is the fractional critical Sobolev exponent associated to p, namely 

np 


Ps ■= 


n — sp 
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Moreover, we set 

:= {m : M” —)■ M measurable s.t. < +oo}. 

The importance of the weighted norm in fll.Sp lies in the fact that, when a lies in the range prescribed 
by fll.ip . a weighted fractional Sobolev inequality holds true, as proved in [1]: more precisely, there exists 
a constant Cn,s,p,a > 0 such that 

^ NiVa’P(R'i)’ 

for any u G So we dehne := 1T’^’P(M") fl La'’(M"'), which is naturally endowed with the 

norm 

(1-4) ll“llw'“’P(R") := NiVa’P(R") + II'“IIlS«(R")‘ 

The space 1T^’^(M”) has recently appeared in the literature in several circumstances, such as in a clever 
change of variable (see 0). and in a critical and fractional Hardy equation (see i). Even the case 
with a = 0 presents some applications, see e.g. [5]. 

A natural question is whether functions with hnite norm in can be approximated by smooth 

functions with compact support. This is indeed the case, as stated by our main result: 

Theorem 1.1. For any u G 1T^’^(M") there exists a sequence of functions G (^“(M") such that ||m — 
'^e|lvi/a’^(R") 0 as £ —)■ 0. Namely, C“(R"') is dense in 1T^’^(R"'). 

We observe that Theorem 11.11 comprises also the “unweighted” case a = 0 (though, in this setting, the 
proof can be radically simplihed, thanks to the translation invariance of the kernel, see e.g. 0 ). The result 
obtained in Theorem 11.11 here plays also a crucial role in [6] to obtain sharp decay estimates of the solution 
of a weighted equation near the singularities and at inhnity. 

For related results in weighted Sobolev spaces with integer exponents see for instance [31 uni [21 ng and 
the references therein. 

The paper is essentially self-contained and written in the most accessible way. We tried to avoid as much 
as possible any unnecessary complication arising from the presence of the weights and to clearly explain 
all the technical details of the arguments presented. 

The paper is organized as follows. In Section [2] we show a basic lemma that states that the space under 
consideration is not trivial. In Section jS] we show that we can perform an approximation with compactly 
supported functions. 

The approximation with smooth functions is, in general, more difficult to obtain, due to the presence 
of weights that are not translation invariant. More precisely, the standard approximation techniques that 
rely on convolution need to be carefully reviewed, since the arguments based on the continuity under 
translations in the classical Lebesgue spaces fail in this case. To overcome this type of difficulties, in 
Section 0] we estimate the “averaged” error produced by translations of the weights and we use this 
estimate to control the norm of a mollihcation in terms of the norm of the original function. 

Then, in Section 01 we perform an approximation with continuous functions, by carefully exploiting 
the Lusin’s Theorem. The approximation with smooth functions is proved in Section 01 by using all the 
ingredients that were previously introduced. Finally, Section [7] is devoted to the proof of Theorem ll.il 

2. A BASIC LEMMA 

In this section we consider a more general semi-norm and we show that it is bounded for functions in 
C“(R”'). This remark shows that there is an interesting range of parameters for which the space considered 
here is not trivial. 

We take a, G R such that 

( 2 . 1 ) 


— sp < a, ft < n and a + ft < n, 
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and we define 

( 2 . 2 ) 


\u\ 


\u{x) — u{ii)\^ dx dy 


JJ^ 2 n \x — |x|" |?/|^’ 

Lemma 2.1. Let (p G (7^(1^"). Then there exists a positive constant C such that 

Proof. We take p G and we snppose that the snpport of p is the ball Br (for some i? > 1). 

Therefore, ii x,y E M” \ Br then p{x) = p{y) = 0, and so we can assnme in the integral in (12.2^ for p that 
X G Br, np to a factor 2, i.e. we have to estimate 


(2.3) 

where 


I = 


ff 

\p{x)-p{y)\P 

dx dy 

J JBrxR’’^ 

\x - y\^+^P 

X “ \y\h 


= h + h, 


h : = 


\p{x)-p{y)\P dx dy 


BnxB^n \x\<^ Ivf 

\p{x)-p{y)\P dx dy 


BuxiR^\B2n) |a;|“ 

\x — y\P dx dy 


and I 2 := 

We first estimate Ip. we have 

^ C' , 1 ^ _ y^n+sp |3.|a |^|/3’ 

for some constant C > 0 depending on the C^-norm of u. Now, if a,/? < 0 then |x|“" ^ {2R)~°‘ and 
\y\~^ ^ {2R)~^. Therefore, by the change of variable z = x — y, we get 

h^C {2R)-^{2R)-P f dx f dz\x- y\P-^-^P ^ C, 

•t B 2 R J B 2 R 

np to renaming (7, that possibly depends on R. 

Now we snppose that a,/? ^ 0. We claim that 

dxdy 


(2.5) 


h^C 


B 2 RXB 2 R \^\ 


Indeed, if |x| ^ \y\, then formnla fl2.5p trivially follows from fl2.4p . On the other hand, if |x| ^ \y\, then 

p-n-sp dxdy 


h^C 


\x - y\ 


and so by symmetry we get (12.5p . 
From (12.51) we obtain that 


h^C 


B 2 RXB 2 R 


r dx f 
Ib2r JBi 


\y\ 


0+/3 ’ 


dz 


Pln+sp-p 


^C, 


thanks to fl2.ip . np to renaming C. 

Finally, we deal with the case a ^ 0 and ^ 0 (the other sitnation is symmetric). Then, \y\~^ ^ {2R)~^, 
and so 

p-n-spdxdy 


h ^ C(2R)-f^ 

^ C{2R)-f^ 

^ O, 


\x-y\ 


B 2 RXB 2 R 

dx 


\x\ 


\z\P-^-^Pdz 


Ib2R FI 


'B. 


thanks to fl2.ip . np to relabelling (7 (that depends also on R). 

Therefore, we have shown that for any a, (3 that satisfy fl2.ip we have that 

(2.6) h ^ O, 
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up to renaming the constant C. 

Now we estimate l 2 - For this, we observe that if x G and y G M” \ B 2 R then 


k - 2/1 ^ bl - kl = Y + Y - kl ^ Y' 


Thus 


I 2 ^ 2^+^P (2||u|Uoc(«.))' 

^ 2-+^^' (2||u|Uoc(r„))' 


dx dy 


Shx(R 

dx 


kl“ \y\^ 

f dy 


'Bp 


kl“ JR-\B,n \y\^+^P+f^ 


thanks to fl2.ip . Using this and (12.61) into fl2.3p we obtain that / is bounded. 


□ 


As an obvious consequence of Lemma [2.11 we have that C'“(M"’) C fU*’P(R”'), and so, by (11.ip . we see 
that C hF^’^’(R"'). This says that the approximation seeked by Theorem 11.11 is meaningful. 

3. Approximation with compactly supported functions 

In this section we will prove that we can approximate a function in 1U*’^(R"') with another function with 
compact support, by keeping the error small. 

Lemma 3.1. Let u G IU^’^(R"'). Let r G C“(i? 2 , [0,1]) with r = 1 in Bi, and Tj{x) := T{x/j). Then 

lim ||m — = 0. 

Proof. We set rjj := 1 — Tj. Then u — TjU = rjjU, and r]j{x) — rjjiy) = Tj(2/) — Accordingly |m(x) — 

Tju{x) \ ^ 2|u(x)| and so 

(3.1) 


lim ll'“-T/u|| =0, 


by the Dominated Convergence Theorem. Moreover, 

jyju(x) -yju(y)j ^ |rj(x) -Tj(y)j |m(2/)| + |m(x) -u(y)jyj(x). 
Also, we observe that if both x and y lie in Bj, then Tj(x) = Tj(y) = 1. Therefore 

I (u - Tju) (x) - {u- Tju) (y) 1^ dx dy 


(3.2) 


where 


jn \x — y\ 

J 2 R"x(R"\Bj) 

+J,), 


n+sp 


|x|“ \y\°‘ 


{u - Tju){x) - (u- Tju){y)f’ dx dy 

|x|“ |i/|“ 


|x - y\ 


n-\-sp 




and Jj := 


Ipi^)-BiyW\u{y)f dx dy 


‘x(R"\Bj) 


‘x(R"\Sj) 


|x - y\ 


n-\-sp 


|x|“ \y\^ 


\u{x) - u{y)fr]^{x) dx dy 


\x-y\ 


n-\-sp 


|x|“ \y\^ 


We estimate these two terms separately. First of all, we estimate Ij. For this, we dehne 

Djfl := I {x,y) G R"" X (R"" \ Bj) s.t. |x| ^ 


Dj i := |(x,?/) G R"" X (R" \ Bj) s.t. |x| > \y\/2 and \x — y\ ^ j 
and Dj 2 '■= \ {x,y) G R" x (R" \ Bj) s.t. |x| > \y\/2 and \x — y\ < j [>, 
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and we write, for k G {0,1, 2}, 


Ij,k ■ 


- ^jivW \u{yW dx dy 
\x-y\^+^P |x|“ \yY' 


Notice that 

(3.3) Ij = Ijfl + IjA + /j,2. 

So we define cxo := s, and we fix ui G (0, s) and (72 G (s, 1). We write 

ki(x) - rj(|/)|P \u{y)\P _ \Tj{x) - Tj{y)\P \u{y)\P 


|x — |a:|“ ||/|“ 1^; _ |^|(s+CTfc)p \x — y\^~^^P \x\'^ \y\‘^ 

Tims we apply the Holder ineqnality with exponents n/sp and p*/p (which is in tnrn eqnal to n/{n — sp)) 
and, for any k G {0,1, 2}, we obtain that 


(3.4) 


Ij,k ^ 


D, 


I I 

\x-y\ s 


dx dy 




D 


(n-a^,p)n gp* gp* 

j.fc \x — y\ |x| p \y\ P 


dx dy 


Now we change variable X ■= x/j and we see that 


D, 


= 3 


\x-y[ 

.2n-h±Z*> 


D 


-- dxdy 


j,k 


\x-y\- 


'DiX |X-F| 
That is, if we set P := n/s, we get that 


(s+q-^)n 


|r(i) -T(y)\‘ 


(ix dy. 


(3.5) 


Ixo-fx') — , 

' ^ dxdi/ 


(a+gt.)g 




<Cj 


, (s-g-fc)p. 


where hT'^’^(M"’) is the nsnal Gagliardo semi-norm (which coincides with 1T^’^(M"’) with a = 0, see e.g. |1]). 
In addition, if {x,y) G Djo, we have that \x — y\ ^ \y\ — |x| ^ \y\/2 and so 

\u{y)\P*^ 


(n-gQp)n gp* gp* 

To |x — y\ '^-“p |x| p \y\ p 


- dxdy ^ C 


H 


HvW 


I I apS (n-gQp)n gp* 

''''Dj,o X p \y\ "-®p p 


dx dy 


(3.6) 


^ C 


= c 




r\y\/^ 

Jo 

\u{y)f‘ 

2apt 

^\B, \y\ — 


P ^ n{n-sp+a) ^P 

1^1 7l-Sp 


dy = C 


^\Bj 


n{n — sp — a) ^ 

\y\ "-“p \u{y)\P‘> 

n(n — sp-\-a) 

|y| n-sp 


dy 


dy. 


Moreover, if k G {1,2}, nsing the change of variable z := x — y (and integrating in ?/ G M” \ Bj separately), 
we see that 

Hy)f^ , , ^ f f |w( 2 /)P“ 


(n-gf.p)n ap% gp% 

'j,k \x — y\ ^-‘p |x| p \y\ p 


dxdy ^ C 


= C 


(n-akp)n 2gp| 

Bj.k \x — y\ ^-‘p \y\ p 

Hy)f‘ 


{s-ak)pn 2gp* 


■ dx dy 


dx dy 


'j,k \x — y\'^ ^-‘‘p \y\ 


C\\u\ 


dz 




T-Bj Hr"*" " 


{s — a-^)pn 
sp 


if fc = 1, 




C\\u\ 


dz 




’ B 


\n+ 


(s-rT2)pn 


•j Z "-‘^P 


if fc = 2. 
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Thus, recalling that cxi < s < (T 2 , we conclude that, for any k G {1, 2}, 


(3.7) 


(n-cr,^p)n ap* gp* 

j.fe \x — y\ "-"p pI p \y\ P 


(gi^-s)pn 


As a matter of fact, in virtue of fl3.6p . and recalling that cxo = s, we have that the above equation is valid 
also for k = 0. 

So, for k G {0,1, 2}, we insert formulas fl3.7p and fl3.5p into fl3.4p and we conclude that 


Ij,k ^C{j s ) ^ 




(af^—s)pn n—sp 

j ^-“p ) " ^CIImI 


n — sp 
n 


Thus, by f|3.3p . we obtain 
(3.8) 

Now we consider Jj. For this, we define 


n — sp 

L ^ C ||m|| Jt —> 0 


as j +CX). 


'4’j{x,y) := XR^x(R’-\Bj){x,y) 


\u{x) — u{y)\P r]^ {x) 
\x — |/|”+®P|x|“||/|“ 


Notice that 




\u{x) — u{y) 


\x - ?/|^+^P|a;|“||/|‘ 
thus, by the Dominated Convergence Theorem, 


G L 


l/TO2n\ 


Jj ~ 


'il^ji^x, y) dx dy —> 0 as j ^ +cx). 


This, fl3.2p and fl3.8p give that 

\{u-Tju){x) - {u-Tju){y)f 


\x — 2 /|"-+^P|a;|“|j/|“ 
The latter formula and fl3.ip give the desired result. 


dx dy —> 0 as j —)■ +cx). 


□ 


4. Estimates in average and control of the convolution 

Here we perform some detailed estimate on the “averaged” effect of the weights under consideration. 
Roughly speaking, the weights themselves are not translation invariant, but we will be able to estimate 
the averaged effect of the translations in a somehow uniform way. 

From this, we will be able to control the norm of the mollihcation by the norm of the original function, 
and this fact will in turn play a crucial role in the approximation with smooth functions performed in 
Section |6] (namely, one will approximate first a given function in the space with a continuous and compactly 
supported function, so one will have to bound the convolution of this difference in terms of the difference 
of the original functions). 

Due to the presence of two types of weights, the arguments of this part are quite technical, but we tried 
to explain all the details in a clear and self-contained way. We start with an averaged weighted estimate: 

Proposition 4.1. There exists C* > 0 such that 

If dz ^ C 

r>0 r” \x -f z\'^\y + z\'^ ^ |a:|“|i/|“’ 


for every x, y eMT \ {0}. 
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Proof. Fixed r > 0, consider the following fonr domains: 


Do := ] 

^^Z G Br s.t. 

X 

\x + z\ ^ — and 

- ] 

1 ^ 2 : G Hr s.t. 

1 ^ \x\ 1 

X + z ^ — and 

D 2 := j 

G Hr s.t. 

\x + z\ ^ — and 

and H 3 := j 

^^Z G Hr s.t. 

X 

X + ^ ^ — and 


M 

2 

M 

2 

M 

2 

M 

2 


Then 

(4.1) 

Now we observe that 

(4.2) 


dz 


IDo \x + z\^\y + z\ 


< 


dz 


< 


4“ \B. 


'B, 


{\x\/2Y{\y\/2Y |a;|“||/|^ 


X 

if there exists z & snch that |a: + z| ^ 

Ixl 

then r ^ \z\^ \x\ — \x z\^ 


From this, we observe that if Hi 7 ^ 0 it follows that r ^ |t|/ 2 and so, nsing the snbstitntion if ■.= x P z, 


dz 




dz 2“ 


(4.3) 


'di k + + ^1“ |2/|“ JBr 1^ + ^1“ \y\' 


'B, 


+ |a;| 


df 


^ Ci{r+\x\T-^ ^ 6 - 2 (3r) 


” ^ 6-2(3r)- _ CsP' 


\y\a '' ^ |2.|^a|^|a ^ |2;|a|y|a |2;|a|i^|a’ 

for some constants Ci, C 2 , > 0. Similarly, by exchanging the roles of x and ?/, we see that 


dz 


CiP' 


(4.4) / -< 

J\x + z\^\y + z\°- |a;|“||/|“ 

Moreover, if H 3 7 ^ 0 , we dednce from fl4.2p (and the similar formnla for y) that 

^ \y\ 

r P max < —, — 


2 ’ 2 


and therefore 


dz 


(4.5) 


Id3 k + ^ 

< 


< 


dz 


dz 


^ Br 


\x + z 


2a 


^Br 


\y + z\ 


2a 


dz 


dz 


' B. 


r+|cc| 


ICI 


2a 


' B. 


^+\y\ 


ICI 


2a 


^ C5\/{r+\x\)^ \/(r + li/l)"' 2 “ 


+ \x\Y/‘^ (r + \y\Y^‘^ C' 5 ( 3 r)"'/^ (3r)'^/^ CqP 




|a;|“||/|“ 


\x\^\yY 


(r + |x|)“(r + \y\)°- 

Notice that we have nsed all over in the integrals that a ^ 2a < n, thanks to fll.ip . 

The desired resnlt now follows by combining (14. ip . (14.3p . (14.4p . (14. 5 p and the fact that = Hq U Hi 
H 2 U H 3 . 

A simpler (bnt still nsefnl for onr pnrposes) version of Proposition 14.11 is the following: 

— 2 ap^ _ 2 an xhero oxists H > 0 such that 


Proposition 4.2. Let b := = 

^ p n—sp 


sup — 


dz C 


n „ I I I i;, I ih> 

r>0PjBrP + P m 


□ C 
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for every a: G M"" \ { 0 }. 

Proof. The proof is similar to the one of Proposition 14.11 just dropping the dependence in y. We give the 
details for the facility of the reader. Fixed r > 0, consider the following two domains: 


D, := 
and Di := 


x\ 


z E Br s.t. \x -\- z\ ^ hr 


x\ 


z E Br s.t. lx + 2:1 ^ - 4 — 


Then 

(4.6) 


dz 


'Do 


\x + z 




dz 


iBr 


(|x|/2)^ 




2^\Br 


\x\ 


Now we observe that if there exists z E B^ such that |x + 2 ;| ^ |x|/2, then r ^ \z\'^ |x| — |x + ^| ^ |x|/2. 
From this, we observe that if Hi 7 ^ 0 it follows that r ^ |x|/2 and so 

f dz 


(4.7) 


\x + zf 


< 


^r+|a:| 


^ < C,(r + ^ DW 

Id'’ (r + |x|)^ 


X 


for some constant Ci > 0. We observe that we have used here above that b < n, thanks to (II.Ih . Then, 
formulas fl4.7p and fl4.6p imply the desired result. □ 

Now, we observe that, in this paper, two types of “different” weighted norms appear all over, namely (II.2p 
and (II.3p . In order to deal with both of them at the same time, we introduce now an “abstract” notation, 
by working in (then, in our application, we will choose either N = n or N = 2n). Also, we will consider 
two functions w : 

(4.8) 


-)■ 


pAf 


and 0 : —)■ [0, +cxd]. The main assumption that we will take is that 

dz , C 


1 

sup — 




>0 p" JBr 0(-A + ^{z)) ^ 0(d7) ’ 

for a suitable C > 0, for a.e. X E . We point out that the integral in fl4.8p is always performed on 
an n-dimensional ball Br (i.e., in that notation, z E Bj. El M”), but the point X lies in (and n and N 
may be different). 

Concretely, in the light of Propositions 14.11 and 14.21 we have that 
condition fl4.8p holds true when 

N = 2n, w{z) = (z, z), ©(AT) = \x\hyV, X = (x, ?/) G M” x M*", 

(4.9) and when 

2ap: 


N = n, 


zuiz = z. 


0 (x) = |xd 


b = 


P 


From 


we obtain a useful bound on (a suitable variant of) the maximal function in M” x 


Lemma 4.3. Assume that condition fl4.8l) holds true. Let q > 1. Let V be a measurable function from 
to R. Then, for any r > 0, 


(4.10) 

for a suitable C > 0. 


— / \V{X -w{z))\dz 

r JBr 


dX 

Wx) 


^ c 


ln^)l^ 

0(X) 


dX. 


Proof. We may suppose that the right hand side of (14.101) is hnite, otherwise we are done. We use the 
Holder inequality with exponents q and q/{q — 1), to see that 

('?-!)/'? 


— \V{X-w{z))\dz ^ — 


' Br 


\V{X - w{z))\Uz 


’ Br 


l/q 

r 


/ Idz 


_J Br 


j.n/q 


\V{X -wizhf^dz 


' Br 


1/9 
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for some Ci > 0, and so, by fl4.8p . and using the change of variable X ■= X — zu(z) over we obtain 


1 

Cf 


\V{X — zu(z))l dz 


‘ Br 


dX Cf 


< 


Br L' 


\V{X-uj{z))\‘> 


0 (X) " r 
dX ^ 


0(X), 


dz = ^ 


‘ Br 


^ Br 


\V{X -w{zWdz 
f \V{X)\^ - 


dX 

dX 


Q{zj{z) + X) 


dz 




dz 


'Br Q{zu{z) + X) 


Co 


dX^ \V{X)\^^dX, 
Jrn Q{X) 


as desired. 


□ 


With the estimate in Lemma we are in the position of bounding a (suitable variant of) the standard 
mollihcation. For this, we take a radially symmetric, radially decreasing function rjo G C'°°(M”), with ^ 0, 
supp Tjo ^ Bi and 


(4.11) 


rjo{x) dx = 1 


With a slight abuse of notation, we write r]o{r) = r]o{x) whenever |a:| = r. Given a measurable function v = 
v{x,y) from to M, we also define 

(4.12) v-kT]o{x,y) ■.= / v{x - z,y - z)r]o{z)dz. 

Then we have: 

Proposition 4.4. For every measurable funetion v = v{x,y) from to M, we have that 


\vicr]r>{x,y)f 


dxdy ^ C 


\v{x,yW 


dx dy, 


for a suitable C > 0. 

Proof. The argument is a careful modification of the one on pages 63-65 of m- First of all, we use an 
integration by parts to notice that 


(4.13) 


r"'\ri'^{r)\ dr = — / r^ ri'^{r) dr = n / r"' ^ rjoir) dr = Cq / rjoix) dx = Cq, 

Jo Jo Jbi 


for some Cq > 0, due to fl4.1ip . We define 

X{r,x,y) := 


ISu-l 


\v{x — ruj,y — ruj)\ dPC ^(w) 


and A{r,x,y) := / \v{x — z,y — z)\ dz. 


’ Br 


Now we use Lemmawith N := 2n, zu(z) := (z,z), X := (x,y), 0(X) := |x|“||/|“, q := p and V{X) : = 
v{x,y), see fl4.9p . In this way we obtain that 


(4.14) 


R 2 " 


A{r,x,y) 


dx dy 

kl“l 2 /|“ 




R 2 " 


\v{x,y)\P 


dx dy, 


for some Ci > 0. Moreover, by polar coordinates. 


A{r,x,y) = C 2 


P‘ 


,n-l 


\v{x — pu,y — pu)\ d'H"' ^(ca) 


dp 


and therefore 


= C 2 / X{p,x,y)dp, 
Jo 

d 


dr 


A{r,x,y) = C 2 X{r,x,y). 
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Notice also that A(0,x, i/) = 0 = rjoiX). Consequently, using again polar coordinates and an integration by 
parts, we obtain 


|r;A77o(x,|/)| ^ / \v{x - z,y - z)\rio{z)dz 
J Bi 


’1 r 


(4.15) 


= C', 


'S'*-! 


r” ^\v{x — ruj,y — ruj)\rio{r) d'hT' ^(cj) 


dr = C 3 / X{r, x,y) rjoif) dr 


dA 

= Ci -^ir,x,y)T]o{r)dr =-Ci A{r, x,y) T]'^{r) dr. 


We recall that ^ 0, so the latter term is indeed non-negative. Now we use the Minkowski integral 
inequality (see e.g. Appendix A.l in [H]): this gives that, for a given F = F{r, x, y), and d/i^x, y) := -dEdUL. 


we have 




|F(r, X, y) \ dr 


uo 


dy{x,y) 


i/p 


< 


10 L 


\F{r,x,y)\Pdy{x,y) 


lip 


dr. 


Using this with F{r,x,y) := A{r,x,y) y'^ir) and recalling f|4.15p . we conclude that 


\vicy^{x,y)\P 

\x\°-\y\°‘ 


dx dy 


i/p 


^ a 


^ a 


= a 


A(r,x,i/) \y'^{r)\dr 


L^o 


^ dxdy 


|x|“|i/|“ 


'0 L 


\A{r,x,y)\^ \y'^{r)\^ 


dx dy 


i/p 


dr 


'A{r,x,y)' 

^ dx dy 

rpTL 

-1 


Therefore, recalling fl4.14p . 

\v-kyo{x,y)\P 


, , , , dxdy 
|x|“|i/|“ 

This and (14.131) give the desired result. 


i/p 


'1 r 




\v{x,y)\^ 

|x|“|l/|“ 


x|a|y|a 

n 1/P 

r” |? 7 o(r)| dr. 


dx dy 


i/p 


r"" |? 7 o(r)| dr. 


□ 


A simpler, but still useful, version of Proposition 14.41 holds for the standard convolution of a function u : 
M"" —>■ M, i.e. 

u*yo{x):= / u{x — z) yo{z) dz. 

The reader may compare the latter formula with fl4.12p . In this more standard setting, we have: 
Proposition 4.5. Let b := For every measurable function u from M” to M, we have that 


\u * yo{x)f*‘‘ 


dx ^ C 


X 


\u(x)f*^ , 
-— dx, 

\b ’ 


\X\ 


for a suitable C > 0. 


Proof. The argument is a simplihcation of the one given for Proposition 14.41 For the convenience of the 
reader, we provide all the details. We dehne 


A(r, x) := r 


n—l 


'5"-i 


\u{x — ruj)\ dPL"" ^(w) 


and A(r,x) := / \u{x — z)\dz. 


^ Br 
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Here we use Lemma H73l with N := n, zu(z) := z, X := x, 0(X) := q := p* and V{X) := u{x), 
see fl4.9D . In this way we obtain that 


(4.16) 


A(r, dx 


-rr— dx, 

0 ’ 


\X\ 


for some Ci > 0. Moreover, by polar coordinates, 

\u{x — pu)\d'l-r'~^{uj) dp = C 2 I \{p,x)dp, 


A(r,x) = €2 ! p^ ^ 


and therefore 


0 L 


d 


—A(r,x) = C2A(r,x). 


Notice also that A(0,x) = 0 = PoiX)- Consequently, using again polar coordinates and an integration by 
parts, we obtain 

r rl 


\u*Vo{x)\^ / \u{x - z)\po{z) dz = C 3 
Jbi 

dA 


0 


r" ^\u{x — ruj)\po{r) d'H"' 


dr 


= C3 J A(r, x) po{r) dr = Ci J x) Po{r) dr = -C4 J A(r, x) p'^{r) dr. 

Now we use the Minkowski integral inequality (see e.g. Appendix A.l in m) and we conclude that 


\u * Po{,x)X 


dx 


\x\ 


/ 

Ao L 

So, recalling fl4.16p . 


i/p| 




L-'o 


dx 


|A(r,x)|^’« \X{r)X ^ 

X 


A(r, x) \p'o{r) \ dr 

l/Ps rl 

dr = CJ 
Jo 


dx 


X 


1 i/pt 


A(r, x) 


dx 


X 


1 i/pt 


r^ \ p'o{r) \ dr- 


\u * po{x) 


■ dx 


X 


i/pt 




'0 L 


m X r'* 


X 


dx 


i/pt 


r" \Po{r) \ dr. 


From this and fl4.13p we obtain the desired result. 


□ 


5. Approximation in weighted Lebesgue spages with continuous functions 


In order to deal with the semi-norm in fll.2l) . it is often convenient to introduce a weighted norm over 
by proceeding as follows. Given a measurable function v = v{x,y) from to R, we dehne 

(8.1) 

When ||n||^p is hnite, we say that v belongs to L^^(R^"'). Notice that 

_ 'lliz/) 

if v^'^'>{x,y) :=- ^z—-, then formula flS.ip reduces to fll. 2 p . 

(5.2) \x-y\v+^ 

namely 

Now we give two approximation results (namely Lemmata 15.II and 15.2p with respect to the norm in fl5.ip . 

Lemma 5.1. Let v G L^^^(R^"). Then there exists a sequence of functions vm G Lp„(R^"') nL°°(R^") such 
that ||n — xmIIlp„(R 2 n) —)■ 0 as M —>■ -|-oo. 
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Proof. We set 


VM{x,y) 

We have that vm —^ v a-e. in and 


M if v{x, y) ^ M, 

v{x,y) iiv{x,y) e{-M,M), 
—M if v{x,y) ^ —M. 


\vM{x,y)\P ^ \v{x,y)\P ^ ^im 2 n 


thus the claim follows from the Dominated Convergence Theorem. 


□ 


Lemma 5.2. Let v G Then there exists a sequence of continuous and compactly supported 

functions vs ■ —)■ M such that ||n — _^(R 2 n) —?• 0 as 5 ^ 0 . 

Proof. In the light of Lemma 15.11 we can also assume that 

(5.3) V e 

Let Tj G [0,1]), with Tj(P) = 1 if \P\ ^ j and t{P) = 0 if |P| ^ j +1. Let Vj := TjU. Then vj v 

pointwise in as j —)■ +oo, and 

\v{x,y) -Vj{x,y)\P ^ 2 P\v{x,y)\P ^ 

As a consequence, by the Dominated Convergence Theorem, 


lim lln 

J^+OO 




0 . 


So, fixed (5 > 0, we find js G N such that 


(5.4) 




^ 6 . 


Notice that Vj^ is supported in {P G s.t. \P\ ^ js + 1}. 


Also, given a set A C we set 


Pa,a(^A') . 


dx dy 


By fll.ip . we see that ya,a is finite over compact sets. So, we can use Lusin’s Theorem (see e.g. Theorem 7.10 
in |H], and page 121 there for the definition of the uniform norm). We obtain that there exists a closed 
set Es C R^” and a continuous and compactly supported function vs ■ —)■ ffi such that vs = Vj^ 

in R 2 ” \ Es, ya,a{Es) ^ and ||n 5 ||ioo(R 2 n) ^ ||i;jJ|icx>(R 2 n). 

In particular, since Tj^ G [0,1], we have that ||'a( 5 ||L°°(R 2 ’») ^ ||n|| /^oo^]u 2 np and this quantity is hnite, due 
to fl5.3p . Therefore 






0 


Es 


\'Vjs{x,y) -vs{x,y)\P 


dx dy 


|x|“ \y\^ 


^ 2^(ll'^i5llL“(K2n) + \\V5\\^]S^(Jg2n-^)pa,a{Es) ^ 2P~^ ||'l'||^oo(R2n)<^^- 

From this and (15.41) . we obtain that ||n — ^(R 2 n) ^ (l + 4 ||n|| 2 ,oo(R 2 n))( 5 , which concludes the proof. □ 


We remark that a simpler version of Lemma [52] also holds true in La® (R*^). We state the result explicitly 
as follows: 

Lemma 5.3. Let u G La" (ML). Then there exists a sequence of continuous and compactly supported 
functions : R” —)■ R such that \\u — —)■ 0 as 5 —)■ 0. 
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Proof. The argument is a simplified version of the one given for Lemma 15.21 Full details are provided for 
the reader’s convenience. First of all, by the Dominated Convergence Theorem, we can approximate u 
in La^ (M"') with a sequence of bounded functions 


Consequently, we can also assume that 
(5.5) 


M 

if u(x' 

)>M, 

u{x) if u{x) G 


-M 

if u{x) 

^ -M. 

u G 



Let Tj G [0,1]), with Tj{P) = 1 if |P| ^ j and r(P) = 0 if |P| ^ j + 1. Let Uj := TjU. Then Uj u 


point wise in M” as j —)■ +oo, and 


\u{x) - ^ 2 P^u{x)f^ ^ 


2apJ 


X P 

\x\ 


2ap* 


As a consequence, by the Dominated Convergence Theorem, 


11“-“ilL?,..) = •)■ 


So, fixed (5 > 0, we find js G N such that 
(5.6) 




Notice that Uj^ is supported in Pj^+i. Also, given a set A C M"', we set 

dx 


PaiA) := 


X P 


By fll.ip . we see that fia is finite over compact sets. So, we can use Lusin’s Theorem (see e.g. Theorem 7.10 
in [8], and page 121 there for the definition of the uniform norm). We obtain that there exists a closed 
set Es C M” and a continuous and compactly supported function : M** —)■ M such that us = Ujg in M.'^\Es, 
Pa{Es) ^ and ||m<5||l°°(R") ^ ll'*^i5l|L°°(R'‘)- 

In particular, since G [0,1], we have that ||m 5 ||l°°(R") ^ ||'w||l“(R"), and this quantity is finite, due 
to fl5.5F Therefore 


Uj, Us 


I Eg 


\Uj,{x) - us{x)f^ 


dx 


\x\ P 


From this and flb.Op . we obtain that \\u — us\ 


+ l|W5|liL(ffin))/ia(^5) ^ 2P“+^||'i;||^L(Kn) 




< 


(l + 4||u|| ))5, which concludes the proof. □ 


6. Approximation with smooth eunctions 

In this section we show that we can approximate a function in the space IF^’^(M”) with a smooth one. 
We remark that, if there are no weights, smooth approximations are much more standard, since one can use 
directly the continuity of the translations in Since the weights are not translation invariant, and 

the continuity of the translations in Lebesgue spaces is, in general, not uniform, a more careful procedure 
is needed in our case (namely, to overcome this difficulty we exploit the techniques developed in Sections 0] 
and 0]). 

We take a radially symmetric, radially decreasing function rj G C^(M”) such that r] ^ 0, supp rj Bi 
and 

( 6 . 1 ) 


r]{x) dx = 1, 


'Si 
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and, for £ > 0, we define the mollifier as 


{x) := —Tj j , for any x G M". 


VAX) : = 

Then, given u G we consider its standard convolntion with the molliher rji,. That is, for any 

£ > 0, we dehne 


( 6 . 2 ) 


Ui;{x) := {u * T]^){x) = / u{x — z) 7]i,{z) dz, for any x G 


By constrnction, G We will show that, if £ is snfhciently small, then the error made approxi¬ 

mating u with Ue is “small”. The rigorons resnlt is the following: 


Lemma 6.1. Let u G Then 

Proof. We hrst check that 
(6.3) 


lim||M — 0. 


lim \\U — Us\\ = 0. 


To this scope, we start by proving that 

if M : M" —)■ M is continnons and compactly snpported, then 


(6.4) 


lim \\u — u* %\\. 


= 0 . 


For this, we £x e,, > 0 and we nse the fact that u is nniformly continnons to write that 

snp \u{x — ez) — u{x)\ ^ £«, 

zeBi 

provided that e is small enongh (possibly in dependence of Eo). Also, since u is compactly snpported, say 
in Bn, and writing b := we obtain that 


|m(x) —U* ^ 


\x\ 


Br+i lJ Bi 


\U 


(x) — u{x — £z) I r]{z) dz 


dx 

\xf 


A 


r dx 

I rf* I b 

Br +1 FI 


= Ce^oP 


with C independent of £ and Eq. Since Eo can be taken arbitrarily small, the proof of (16.dh is complete. 

Now we prove fl6.3p . For this, we £x Sq > 0, to be taken as small as we wish in the seqnel, and we nse 
Lemma [5731 to hnd a continnons and compactly snpported fnnction n : M" —)■ M snch that ||m—^ Eq. 
By Proposition 14.51 we dednce that 

\\u * = \\{u-d)* ^ Clin - M||^rf(„„) ^ C^o. 

Fnrthermore, by fl6.4p . we know that 


\u-u*r]e\\-^ 


^ ^oi 


(R") 

as long as £ is snfhciently small. By collecting these pieces of information, we conclnde that 

\\u — ^ ll"*^ ~ ’“ILs®(R") + ~ (R") + \\b- * Ve — U * 

A: (2 -|- C)Eo. 

This completes the proof of fl6.3l) 

Now we recall the notation in fl4.12p and we prove that 

if V : ^ M is continnons and compactly snpported, then 

lim||n-n*77s||^P^(K2n) = 0. 


(6.5) 
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For this, we fix £<, > 0 and we use the fact that v is uniformly continuous to write that 

sup \v{x — ez,y — ez) — v{x, y) \ ^ Eo, 

zeBi 

provided that e is small enough (possibly in dependence of Eq). Also, since v is compactly supported, say 
in {|(a;, i/)| ^ R}, for some i? > 0, we have that 

v{x, y) = 0 = v{x — Ez,y — ez) 

if z E Bi and max{|x|, \y\} ^ R + 1, as long as £ < 1. Moreover 

v{x, y) -v-k r]^{x, v) = j v) ~ -£z,y - ez)^ r]{z) dz, 

and, as a consequence, 

dx dy 


\v{x,y) - vi^r]^{x,y)\^ 


€ 


^ El 


Sfl+l 


'Bi 


x\o-\y\a 

v{x, y) — v{x — Ez,y — ez) | r]{z) dz 


dx dy 




dx dy 


= 

with C depending on v, but independent of £ and Eo- Since Eo can be taken arbitrarily small, the proof 
of fl6.5p is complete. 

Now we are in the position of completing the proof of Lemma 16.11 We remark that, by fl6.3p . and 
recalling fll.2l) and fll.4p , in order to prove Lemma 16.11 it only remains to show that 

\u{x) - Ue{x) - u{y) + Ue{y)\P dx dy 


( 6 . 6 ) 

To this goal, we let 


lim 

£—^0 


v^^\x,y) := 


X - y\^+^P 

u{x) - u{y) 


|a;|“ |j/|“ 


= 0 . 


\x - y\ 


P 


By comparing fl4.12p and fl6.2p . we see that 

-k de{x,y) = J v^'^\x — z,y — z) r]^{z) dz 

Jr" \x — y\p \x — y\p 

We fix Eo > 0, to be taken as small as we wish in the sequel, and use Lemma 13^ to find a continuous and 
compactly supported function v such that 

( 6 . 8 ) 

Notice that, by fl6.5l) . 

(6.9) 

as long as e is sufficiently small. 

Moreover, by Proposition 14.41 (applied here to the function — v) and (16.81) . we have that 
(6-10) ^ -n|liP^(R2n) ^ Ceo. 

Also, by 


\v — V -k ^ Eo, 


[u W * h£]iy“'P(Rn) — 


= IlyW _ yi'>J’*Ve)\ 




Thus, recalling fl6.7p . 


[u-u* 
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Accordingly, by flb.Sp . fl6.9p and fIb.lOp . 

[u - U * ^ -n|liP^(K 2 n) + \\v - v -k r]e\\LP^^(s, 2 ^) + Hn a a 

^ (2 + C)eo- 

Since Eq can be taken arbitrarily small, we have proved fl6.6p . and therefore the proof of Lemma l6.ll is 
complete. □ 


7. Proof of Theorem 11.11 

Let u G and fix h > 0. If tj is as in Lemma [3.11 then for j large enongh we have that 

thanks to Lemma [3. II 

Now, for any e > 0, let r/e be the molliher defined at the beginning of Section O We set 

p£ •- * Vs’ 

By constrnction, G C'°°(M"'). Moreover, standard properties of the convolntion imply that 

snpp pe C snpp (tju) + 

Also (see e.g. Lemma 9 in [7]) one sees that 

snpp {tju) C (snpp Tj) fl (snpp u) C B 2 j n (snpp u). 

Hence 

snpp Pe C [B 2 j n (snpp n)) + Be- 

As a conseqnence, pe G C“(M”). 

Furthermore, Lemma [6.11 gives that 

II II 

liPe < 2’ 

if e is sufficiently small. Therefore, from this and flT.ip we obtain that 

S 6_ 

11'*^ ~ ^ ~ ~ P£|lw'“’’’(R") ^ 2 2 ~ 

Since 6 can be taken arbitrarily small, this concludes the proof of Theorem 11.11 
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